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Abstract
A well-known conjecture of W. Rudin is that the set of squares is a 4p-set for all p44: In





















for any k distinct integers n1ynk: In this article we give a combinatorial interpretation of the
inequality above in the spirit of \jq\jq sum and product sets along graphs as considered by
P. Erdo¨s and E. Szemeredi (Studies in Pure Mathematics, pp. 213–218). We also show that
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1. Introduction
Let
S ¼ fn2 j nANg ð1:1Þ
be the set of squares. A well-known (and still open) conjecture of Rudin is that S is a
4p-set for all po4: This means that for all po4; there is a constant cp such that for
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Here P denotes the usual circle group. In ‘Harmonic Analysis language’, the
problem is thus whether L
p
SðPÞ ¼ L2SðPÞ if po4 and S as above. Presently, there is
no exponent p42 known for which LpSðPÞ ¼ L2SðPÞ holds; see [Ru].
Rudin’s problem implies an afﬁrmative answer to the following question:





















for any k distinct integers n1;y; nk?
Our purpose here is to give a combinatorial interpretation of (1.3) in the spirit of
‘sum and product sets along graphs’ as considered in [E-S] by Erdo¨s and Szemeredi.
We recall the setup.
Let A ¼ faiAZ j aioaj; if iojg be a set of n distinct integers and
GCfði; jÞ j i; jAZ; 1pi; jpng a graph.
Denote
SumG A ¼ fai þ ajj ði; jÞAGg; ð1:4Þ
DiffG A ¼ fai  ajj ði; jÞAGg; ð1:5Þ
ProdG A ¼ faiajj ði; jÞAGg: ð1:6Þ
In [E-S], there is the following:
Conjecture E-S. For all a40; e40; nb0; and ACZ; one has the inequality
jSumG Aj þ jProdG Aj4cejGj1e ð1:7Þ
for some constant ce; provided jGj4n1þa and n is large enough.
(	) We use the notation jAj for the cardinality of a (ﬁnite) set A:
Remark 1. Conjecture E-S may be extended to the case of real numbers
a1;y; anAR:
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Erdo¨s also formulates the following:
Conjecture E. If jGj4cn; then for a1;y; anAZ; inequality (1.7) holds.
Remark 2. Conjecture E fails for a1;y; anAR:
Concerning the validity of (1.7), only partial results are known. It can, for
instance, be shown that (1.7) holds, if we assume jGj4dn2 and jSumG AjoCn for
ACZ or R (see [Ch3]), or jProdG AjoC0n for ACZ (see [Ch2]), where 0od; and
C; C0oN are arbitrary constants. One may also obtain some information (again
assuming jGj large) from Elekes’ method based on the Szemeredi–Trotter theorem
(see [E1]).
We are able to show the following:
Proposition 1. Conjecture E implies (1.3).
Proposition 2. Inequality (1.3) is equivalent to the following statement:
jSumG Aj  jDiffG Aj  jProdG Aj4cejGj2e for all e40; and ACZ: ð1:8Þ





































because of jPkj¼1 ein2j xjpk and Parseval’s identity.
We will show the following slight (but far from trivial) improvement of (1.9):

























Along the lines of Proposition 2, (1.10) implies
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Corollary 4. For ACZ;
maxfjSumG Aj; jDiffG Aj; jProdG Ajg4cejGj
1
2ðlog jGjÞ 148e: ð1:11Þ
Remark 4. Corollary 4 fails, if ACR: This is shown by the following example:









j 1piojpm; and i; j are square freeg

















Þ j 1piojpm; and i; j are square freeg:











ProdG ACfi  j j 1pi; jpmg:
Hence, all sets have cardinality o2m: &
2. Proofs of Propositions 1 and 2
To show (1.3), we ﬁrst deﬁne
Fm ¼ fð j1; j2Þ j 1pj1; j2pk; m ¼ n2j1  n2j2g: ð2:1Þ
























Then, to relate fnjgj to the notations (1.4)–(1.6), we deﬁne
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For integers 0plplog2 k; denote
Ml ¼ fmAZ j 2lpjFmjo2lþ1g: ð2:3Þ
Thus, X
l
jMl j ¼ jfmeZjFmafgjpk2: ð2:4Þ
(The inequality follows from deﬁnition (2.1) of Fm:)
For each Ml we deﬁne the corresponding graph Gl on f1; 2;y; ng as follows:
ði1; i2ÞAGl 3 there exist 1pj1; j2pk;
such that ai1 ¼ nj1 þ nj2 ; ai2 ¼ nj1  nj2 ; n2j1  n2j2AMl : ð2:5Þ
Hence,








Claim. (1.7) implies (1.3).
Proof. Applying (1.7) to the graph Gl with
e
2
; and using (2.6) and (2.8), we have that
for all e40;
k þ jMl j4cejGl j1
e
24cekejGl j: ð2:9Þ
From (2.7) and (2.9), we haveX
mAMl
jFmjoCek1þe þ CekejMl j; ð2:10Þ
where Ce ¼ ðceÞ1:




jFmjpCek1þe þ CekejMl j; ð2:11Þ
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hence,


















The inequality for the ﬁrst summation is by (2.4), while the second one is
by (2.12). &
This proves Proposition 1.
Claim. (1.8) implies (1.3).












where Ce ¼ ðceÞ1:
Thus (combining with (2.3))










which is (1.3) (cf. (2.2)). &
Claim. (1.3) implies (1.8).
Proof. Let A ¼ fai j i ¼ 1;y; ng and G a graph on A: Deﬁne for each mAZ
Gm ¼ fð j; kÞAG j ajak ¼ mg: ð2:18Þ
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Since 4ajak ¼ ðaj þ akÞ2  ðaj  akÞ2 and ajak is uniquely determined by u ¼ aj þ






















































oCenejSumG AjjDiffG Aj: ð2:19Þ
Here we used Parseval’s identity, Cauchy–Schwartz and (1.3) (Note that jSumG Aj;
jDiffG Aj are both less than n2).













Substitution of (2.19) yields (1.8). &
This proves Proposition 2.
3. Proof of Proposition 3
The proof is based on the following three ingredients:
(i) T. Gowers’s version of the Balog–Szemeredi Theorem [G]: The Balog–Szemeredi
theorem states that if ACZ is a set of k integers such that for some constant
a40;
jfða1; a2; a3; a4Þ j aiAA; a1  a2 þ a3  a4 ¼ 0gj4ajAj3 ¼ ak3; ð3:1Þ
then there is a subset A0CA satisfying
jA0j4bðaÞjAj ð3:2Þ
and
jA0  A0joCðaÞjAj ð3:3Þ
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for some 0obðaÞ; CðaÞ: The original proof (see [Na]) relies on the Szemeredi
uniformity lemma, leading to a very poor dependence of bðaÞ; CðaÞ on a when a
goes to 0: Recently, Gowers [G] discovered an argument providing powerlike
bounds of bðaÞ; CðaÞ in a: We will reproduce this argument here in a bit
simpliﬁed and economical form.
(ii) Freiman’s Theorem: This result states that if A is a ﬁnite set of integers with
small doubling set, i.e. jA þ AjoCjAj with C a constant, then A is contained in
a proper d-dimensional generalized arithmetic progression P satisfying
dpdðCÞ; ð3:4Þ
jPjpC1ðCÞjAj: ð3:5Þ
See [Na] for deﬁnitions, details and a proof. We will use in this context the
estimates obtained in [Ch1], where (3.4), (3.5) are shown to hold with





(iii) Density of the set S of squares in arithmetic progressions: Observe that
Proposition 3 implies in particular that if P is a ﬁnite arithmetic progression,
then jP-Sjooð jPjÞ: Already this statement (conjectured by Erdo¨s and proved
by Szemeredi [S2]), is far from obvious. It follows for instance from the fact that
there are no 4 squares in arithmetic progression (a result due to Fermat) and
Szemeredi’s theorem on arithmetic progressions in sets of positive density.
Rudin made the natural conjecture that always jP-SjpjPj12:
In [B-G-P], the following bound is obtained:
jP-SjpjPj23ðlog jPjÞC ð3:8Þ
for any ﬁnite (1-dimensional) arithmetic progression P:
Very recently, further improvement was given in Bombieri:
jP-SjojPj35þe: ð3:9Þ
However, for our purpose, the speciﬁc exponent of jPj in (3.8) and (3.9) is of little
importance since the main weakness of our argument lies in the use of Freiman’s
theorem.
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whenever n1on2o?onk: The bound (1.9) is obtained from a more careful
quantitative analysis of that argument, using in particular the results from [Ch1].
Returning ﬁrst to the Balog–Szemere´di theorem, we prove
Proposition 5. Let ACZ be a set of k integers, and let
T ¼ fða1; a2; a3; a4Þ j aiAA; a1  a2 ¼ a3  a4g: ð3:11Þ
If there is a positive constant a such that
jT j4ak3; ð3:12Þ
then there is a subset A0CA satisfying
jA0j4a1ek; ð3:13Þ





Proof. Let p : A  A  A  A-A  A be the projection on the ﬁrst two coordinates,
and let Ta1a2 ¼ p1ða1; a2Þ be the ﬁber of T at ða1; a2Þ:
Ta1a2 ¼ fa ¼ ða1; a2; a3; a4Þ j %aATg: ð3:15Þ
Claim 1. There exist lAZ; 0plpJlog2 1an; and RCA  A such that
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Note. For any ða1; a2ÞAR; there are at least k2lþ1 ways to represent a1  a2 as the
difference of two elements in A:







































Let R be the set of points ða1; a2Þ that occur in (3.21):














This is (3.17). &
We view R as a (symmetric) relation on A: Denote
Ra ¼ fa0AAjða; a0ÞARg: ð3:24Þ
Inequality (3.17) is X
aAA
jRaj4rk2: ð3:25Þ
Next, we deﬁne the set
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jRcj416rk jY-ðRc  RcÞj: ð3:28Þ
Proof. Since for any YCA  A; we haveX
cAA








































This implies (3.27) and (3.28). &
Let
Ya ¼ fb j ða; bÞAYg; ð3:31Þ
and let
A0 ¼ faARc j jYa-Rcjo14 jRcjg: ð3:32Þ
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jRc \ðYa,Ya0 Þj412jRcj for all a; a0AA0: ð3:34Þ















The last two inequalities are (3.28) and (3.27).
On the other hand, (3.34) follows trivially from (3.32). &












ways to represent a  a0 as
a  a0 ¼ ðx1  x2Þ  ðx3  x4Þ þ ðx5  x6Þ  ðx7  x8Þ ð3:37Þ
with xiAA for 1pip8:
Proof. Take any bARc\ðYa,Ya0 Þ: Since ða; bÞ; ða0; bÞeY ; from deﬁnition (3.26) of









Namely, there are at least ðr2
32
kÞ2 many choices of ðu1; u2Þ such that
ða; u1ÞAR; ðb; u1ÞAR; ða0; u2ÞAR; ðb; u2ÞAR: ð3:39Þ
Write
a  a0 ¼ ða  u1Þ  ðb  u1Þ þ ðb  u2Þ  ða0  u2Þ: ð3:40Þ
where, by (3.39) and deﬁnition (3.16) of R (see Note after Claim 1), each of the
differences a  u1; b  u1; b  u2; a0  u2 may be written in at least k2lþ1 ways as
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difference of two elements from A: Putting this together with (3.34), (3.38) and
(3.39), we have the lower bound (3.36). &
The bound (3.36) holds for any pair a; a0AA0: Since ðx1;y; x8ÞAA ? A runs











jA0  A0jpk8: ð3:41Þ
The upper bound (3.14) on jA0  A0j follows from (3.41), (3.27), and (3.18), while
the lower bound (3.13) on jA0j follows from (3.33), (3.27), and (3.18).
This proves Proposition 5. &
We will ﬁrst produce a weaker version of (1.10) and then outline a more
economical strategy that gives Proposition 3. We will use the same e to denote
various functions of e:
Let ACS be a subset of the squares, jAj ¼ k: To prove (1.10) and to be able to









dx ¼ jfða1; a2; a3; a4ÞjaiAA; a1  a2 þ a3  a4 ¼ 0gj4ak3: ð3:42Þ
We want to ﬁnd an upper bound on a:




jA0  A0jpa6ejA0j; ð3:44Þ
where a6e ¼ 221a5ð1þ Jlog2 1anÞ5a1þe:
From general sumset estimates ([Na, Th 7.8], with A ¼ A0; B ¼ A0; k ¼ 1; and
l ¼ 2), it follows that
jA0 þ A0jpa18ejA0j: ð3:45Þ
Next, we apply Freiman’s theorem (3.6) and (3.7) to (3.45) and obtain a proper
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Finally, use the density estimate (3.8) for the set S of squares in 1-dimensional
arithmetic progressions. Notice that since P obtained above is a proper d-
dimensional progression, we may clearly obtain P as a union of jPjjP0j disjoint
























log ða1ekÞ4a18þe logða1ekÞ: ð3:52Þ
Namely,
aoðlog kÞ 154þe: ð3:53Þ
Consequently, there is an upper bound k
3
4ðlog kÞ 1216þe in (1.10). &
The procedure just described can be made more efﬁcient.
The following property is from [Ch1]. The case for jA0 þ A0joK jA0j is the
statement of Proposition 2.1 (which is the main step improving Freiman’s theorem
following Ruzsa’s argument). However, in [Ch1] the assumption jA0 þ A0joK jA0j is
only used when applying Lemma 3.3, and the proof of Lemma 3.3 uses Fact e, which
has either jA0 þ A0joK jA0j or jA0  A0joK jA0j as hypothesis.
Proposition 6 (Chang [Ch1]). Let A0CZ be a finite set satisfying jA0 þ A0joKjA0j or
jA0  A0joK jA0j: Then A0  A0 þ A0  A0 contains a proper d-dimensional progression
P satisfying






In view of (3.44), there is therefore a proper d-dimensional progression P in the set
A0CA obtained from Proposition 5, such that
doa6e; ð3:56Þ
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Let A00CA0 be a maximal subset of A0 such that all translates fa þ PjaAA00g are
disjoint. Then clearly [
aAA00
ða þ PÞC3A0  2A0: ð3:58Þ
Hence, again from sumset estimates ([Na, Thm 7.8], with A ¼ A0; B ¼ A0; k ¼ 3;










ða þ P  PÞ: ð3:60Þ




jða þ P  PÞ-Sj







¼ a30ejA0j 2d jPj 13dþe: ð3:61Þ
Particularly, (3.61) implies, for some C ¼ CðeÞ40;
1
3d
log jPjod þ C log 1
a
: ð3:62Þ
Together with (3.57) and (3.56), we have
log jA0j  a6eolog jPjp3d2 þ 3dC log 1
a
oC0a12e: ð3:63Þ
Putting together (3.63) and (3.43), we have
aoðlog kÞ 112þe: ð3:64Þ
This proves inequality (1.10) (Proposition 3).
Finally, Corollary 4 is deduced from Proposition 3.
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There are two cases:
Case 1. minflog jSumG Aj; log jDiffG Ajg4 110 log jGj:
Inequality (3.68) implies
jGjpC0e




Case 2. minflog jSumG Aj; log jDiffG Ajgp 110 log jGj:




(3.70) and (3.68) give




jGj3740omaxfjSumG Aj; jDiffG Aj; jProdG Ajg
5
4;
which implies (1.11). &
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